Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent k-plane V on M is an oriented k-dimensional vector subspace V of T x M , for some x in M . Given an oriented tangent k-plane V on M we have that g| V is a Euclidean metric on V and hence, using g| V and the given orientation on V , we have a natural volume form vol V on V which is a k-form on V . Let η be a closed k-form on M . Then η is a calibration on M if η| V ≤ vol V for all oriented tangent k-planes V on M , where η| V = κ·vol V for some κ ∈ R, and so η| V ≤vol V if κ ≤ 1. Let N be an oriented k-dimensional submanifold of M . Then T x N is an oriented tangent k-plane for all x ∈ N . We say that N is a calibrated submanifold or η-submanifold if η| TxN =vol TxN for all x ∈ N .
Introduction
In this paper we study coassociative 4-folds N in R 7 which are asymptotically conical (AC) to some fixed coassociative cone C. We show that, when the rate λ at which N converges to C takes generic values in (−2, 1), N admits a smooth moduli space M λ N of coassociative deformations of N which are AC to C with rate λ.
Furthermore, we give a formula for the dimension of this moduli space, for generic values of λ ∈ (−2, 0), which comprises both a topological and analytic component. The topological piece can be thought of as being analogous to b 2 + (N ), which is the dimension of the moduli space of deformations of compact coassociative 4-folds N , as given by McLean [16, Theorem 4.5] . The analytic data is calculated by considering certain first order differential operators acting on forms on the link Σ of the cone C. This paper is motivated by the work of McLean [16, §4] on compact coassociative 4-folds and Marshall [15] on the deformation theory of AC special Lagrangian (SL) submanifolds. The latter was in fact studied earlier by Pacini [18] using different methods. Asymptotically conical SL submanifolds are also discussed in the series of papers by Joyce [5] , [6] , [7] , [8] , [9] on SL submanifolds with isolated conical singularities.
In §2 we give the basic definitions for the submanifolds that we study here. Much of the work in this paper is analytic in nature, and in order to obtain many of the results we use weighted Sobolev spaces, which are a natural choice when studying AC submanifolds in this way. Thus, in §3, we define the various weighted Banach spaces that we require.
In §4 we construct a deformation map between weighted spaces of forms, whose kernel corresponds to the moduli space M λ N . We also define an associated map which is elliptic at zero since its derivative there acts as d + d * .
In §5 we describe a countable discrete set D of rates λ for which the operator d + d * is not Fredholm. We define D in terms of the maps d and d * acting on forms on Σ. In §6 we study the cokernel of the map d + d * and show that our deformation theory is unobstructed for λ ∈ (−2, 1), λ / ∈ D. We also show that the cokernel has constant dimension equal to b 3 (N ) for λ ∈ (−2, 0), λ / ∈ D. We present our main result in §7, which shows that M λ N is a smooth manifold whenever λ ∈ (−2, 1) and λ / ∈ D. Elliptic regularity results for both weighted Sobolev and Hölder spaces are used in order to deduce smoothness of the moduli space. In §8 we derive a formula for the dimension of the moduli space, when λ ∈ (−2, 0) and λ / ∈ D, which is calculated using topological information and an analytic quantity determined by the set D.
In §9 we consider when the rate λ < −2. We construct two invariants of N and hence derive a test for when N will be R 4 . Finally, in §10 we present examples of AC coassociative 4-folds.
2 Calibrated and AC submanifolds of R 7
We begin by defining the basic concepts of calibrated geometry following the approach in [2] . Manifolds are assumed to be smooth and nonsingular unless stated otherwise and submanifolds are considered to be immersed.
where r is a radius function on (0, ∞) × Σ, g cone = dr 2 + r 2 g Σ is the conical metric on (0, ∞) × Σ and ∇ is the Levi-Civita connection derived from it. If M is AC then a radius function ρ : M → [1, ∞) on M is a smooth function which is asymptotic to r on M \ K.
It is clear that if M is a submanifold of R n , endowed with a Riemannian metric, which is AC with order O(r λ ) to a cone M 0 , then M , considered as a Riemannian manifold, is AC with rate λ, where we take Σ = M 0 ∩ S n−1 ; that is, the link of the cone M 0 . We also note that if (M, g) is an AC Riemannian n-fold we may define a radius function ρ : M → [1, ∞) on M using the radius function r on (0, ∞) × Σ, by requiring that ρ is equal to r on Ψ((R + 1, ∞) × Σ) and then extending ρ smoothly to a function on M .
We conclude the section with the following elementary result.
Proposition 2.6 Suppose that M is a coassociative 4-fold which is AC with order O(r λ ) (λ < 1) to a cone M 0 in R 7 . Then M 0 is coassociative.
Proof: By Theorem 2.3, we have that ϕ| M ≡ 0. We also have, using (1) , that
Therefore, since λ − 1 < 0, we must have that |ϕ| M0 | → 0 as r → ∞. But |ϕ| M0 | must be independent of r since T (r, σ) M 0 = T (1, σ) M 0 for all r > 0, σ ∈ Σ, and hence ϕ| M0 ≡ 0. The result follows from Theorem 2.3.
Weighted Banach spaces
We begin this section with the definition of both unweighted and weighted Sobolev spaces of forms on a manifold M . 
is finite. The normed vector space L p k (Λ m T * M ) is a Banach space for all p ≥ 1, and L 2 k (Λ m T * M ) is a Hilbert space.
We introduce the notation
is the space of smooth functions on M with compact support. Suppose further that M is AC, let µ ∈ R and let ρ be a radius function on
We may note here, trivially, that L p 0 (Λ m T * M ) is equal to the standard L pspace of m-forms on M . Further, we have that
which can easily be seen by comparing equations (2) and (3) for the respective norms. In particular,
We now give the definition of weighted C k -spaces.
Definition 3.2 Let M be an AC n-fold and let ρ be a radius function on M . Let µ ∈ R and let k, m ∈ N with m ≤ n.
We also define
We conclude this spate of definitions by defining weighted Hölder spaces. These shall not be required for the majority of the paper as weighted C k -spaces will often suffice. Definition 3.3 Let (M, g) be a Riemannian n-fold and let d(x, y) be the geodesic distance between points x, y ∈ M . Let a ∈ (0, 1) and let k, m ∈ N with m ≤ n. A section s of a vector bundle V on M is Hölder continuous (with exponent a) if,
where δ(g) is the injectivity radius of the metric g. We understand the quantity |s(x) − s(y)| V as follows. Given x = y ∈ M with d(x, y) < δ(g), there exists a unique geodesic γ of length d(x, y) connecting x and y. Parallel translation along γ using the connection on V then identifies the fibres over x and y, and the metrics on them. Thus, with this identification, |s(x) − s(y)| V is well defined. We note that AC n-folds have metrics with positive injectivity radius, and so the concept of Hölder continuity given above is well defined on these manifolds.
The Hölder space C k, a (Λ m T * M ) is the set of ξ ∈ C k (Λ m T * M ) such that ∇ k ξ is Hölder continuous (with exponent a) and the norm
is finite. The normed vector space C k, a (Λ m T * M ) is a Banach space. We also introduce the notation
Suppose further that M is AC. Let ρ be a radius function on M and let µ ∈ R. The weighted Hölder space C k, a µ (Λ m T * M ) of m-forms on M is the normed vector space defined by
Then C k, a µ (Λ m T * M ) is a Banach space. It is clear that we have an embedding
We shall need the analogue of the Sobolev Embedding Theorem for weighted spaces, which is adapted from [13, Lemma 7.2] and [1, Theorem 1.2]. Theorem 3.4 (Weighted Sobolev Embedding Theorem) Let M be an AC n-fold . Let p, q ≥ 1, a ∈ (0, 1), µ, ν ∈ R and k, l, m ∈ N with m ≤ n.
(a) If k ≥ l, k − n p ≥ l − n q and either (i) p ≤ q and µ ≤ ν, or (ii) p > q and µ < ν,
We shall also require an Implicit Function Theorem for Banach spaces, which follows immediately from [11, Theorem 2.1].
Theorem 3.5 (Implicit Function Theorem) Let X, Y be Banach spaces and let U ⊆ X be an open neighbourhood of 0.
Then there exist open sets V ⊆ K and W ⊆ Z, both containing 0, with V × W ⊆ U , and a unique C k map G : V → W such that
The deformation map
For the rest of the paper, let N ⊆ R 7 be a coassociative 4-fold which is AC to a cone C ⊆ R 7 with order O(r λ ), where λ < 1. Let C ∼ = (0, ∞) × Σ, where Σ = C ∩ S 6 , with coordinates (r, σ). We wish to consider deformations of N ; that is, submanifolds that are 'near' to N in R 7 . The first result we need is taken from [10, Chapter IV, Theorem 9]. Since N is AC, there exists a compact set K ⊆ N , R > 0 and a diffeomorphism Ψ : (R, ∞) × Σ → N \ K as in Definition 2.4. If we apply Proposition 4.1 to K and to Σ ⊆ S 6 we may construct tubular neighbourhoods T K and T ∞ of K and (R, ∞) × Σ in R 7 , respectively, such that T ∞ is conical and hence grows with order O(r) as r → ∞. We deduce that there exists a tubular neighbourhood T = T K ∪ T ∞ of N in R 7 , which is diffeomorphic to an open set in ν(N ) containing the zero section of ν(N ). Moreover, the diffeomorphism identifies N with the zero section and is affine on the fibres of ν(N ), since the exponential map into R 7 is affine. We may thus consider infinitesimal deformations of N as graphs of small sections of ν(N ). We note that T , by construction, grows with order O(ρ) as ρ → ∞.
By [16, Proposition 4.2] , ν(N ) is isomorphic to the bundle of self-dual 2-forms on N , Λ 2 + T * N ; this isomorphism is given by the map v → (v ·ϕ)| T N , for v ∈ ν(N ). We may therefore construct an open set U ⊆ Λ 2 + T * N , diffeomorphic to T , in a similar manner to the above construction of T to ensure that U grows with order O(ρ) as ρ → ∞. Hence we have the following result. We wish to construct the diffeomorphism δ in a suitable manner so as to aid our work later on. Let Ψ, R and K be as above. By making R, K larger we can define Ψ by requiring that Ψ(r, σ) − ι(r, σ) is orthogonal to T (r, σ) C for all σ ∈ Σ, for all r > R + 1. This condition defines Ψ uniquely. On K we define δ using the exponential map on N , so that δ acts orthogonally to N . Then on Ψ((R+1, ∞)×Σ) ⊆ N , we define δ so that it acts orthogonally to C, rather than N , using the exponential map on C. Finally we define δ on Ψ((R, R + 1) × Σ) by interpolating smoothly between δ| K and δ| Ψ((R+1,∞)×Σ) . We now introduce the notation
where U is the open set given by Proposition 4.2. The fact that U grows with
where T is given by Proposition 4.2 and δ is defined above. We define
By Theorem 2.3, the space of coassociative deformations of N corresponds to Ker F .
However, we wish only to consider coassociative deformations N α of N which are AC to C with rate λ. If N α is such a deformation, then there exists a diffeomorphism Ψ α :
Recall that Ψ(r, σ) − ι(r, σ) lies in (T (r, σ) C) ⊥ ∼ = ν (r, σ) (C) for r > R + 1, and hence Ψ − ι can be identified with the graph of an element α C of Λ 2 + T * C on (R + 1, ∞) × Σ. We then have that |∇ j α C | = O(r λ−j ) for j = 0, 1, 2, . . . as r → ∞, since N is AC to C with rate λ, so α C ∈ C ∞ λ (Λ 2 + T * C). Moreover, we can write
at Ψ(r, σ) for large r. We can therefore identify ν Ψ(r,σ) (N ) with ν (r, σ) (C), and hence we may identify Λ 2 + T * N and Λ 2 + T * C for large r. We may similarly deduce, by the definition of δ, Ψ and Ψ α , that
Since N α is assumed to be AC to C with rate λ, and α C can be considered as an element of C ∞ λ (Λ 2 + T * N ), we see that α must also lie in C ∞ λ (Λ 2 + T * N ). We conclude that N α is AC to C with rate λ if and only if α ∈ C ∞ λ (U ) ⊆ C ∞ λ (Λ 2 + T * N ). Therefore the moduli space M λ N of coassociative deformations of N which are AC to C with rate λ is locally diffeomorphic to the kernel of the map F :
We note that F ′ (0)(α) = dα by [16, p. 731 ]. Hence we define a map G :
Then G is a first order elliptic operator at (0, 0) since G ′ (0, 0) acts as
, but in order to show that the image of G is contained in it we require the following proposition. 
Proof: Firstly, by the definition of F , we see that F (α)(x) depends on the tangent space to Γ α at π α (x) = (x, α(x)). We note that T (x, α(x)) Γ α depends on both α(x) and ∇α(x), and hence so must F (α)(x). We may then define P by (7) , and so we see that it is a smooth function of its arguments.
Recall from above that we identified the displacement Ψ − ι of N from the cone C, at least outside some compact subset of C, with an element
where we have used the identification of Λ 2 + T * N with Λ 2 + T * C described above. We define a smooth function P C by an equation on C analogous to (7) :
Now, since α = 0 corresponds to our fixed coassociative 4-fold N , F (0) = 0. So, by (8) ,
using similar notation for P C (α C ) as for P (α). Using (7)-(9), we deduce that
We then calculate
recalling that P C is a function of three variables x, y, z. Using Taylor's Theorem,
when |α| and |∇α| are small. Since (9) . The first derivatives of P C with respect to y, z must also vanish at α C by the equation above. Note that P C must have scale equivariance properties because it is defined using the diffeomorphism δ described after Proposition 4.2. Thus, since we can derive inequalities for P C on {R} × Σ, they must hold on (R, ∞) × Σ with an appropriate scaling factor of r. Therefore, given small ǫ > 0 there exists a constant A 0 > 0 such that
for t ∈ [0, 1], whenever
By the definition of AC with rate λ < 1 given in Definition 2.4, we see that both r −1 |α C | and |∇α C | must tend to zero as r → ∞. We can thus ensure that (14) is satisfied by the α C components by making R larger. Hence, (14) holds, for sufficiently large R, if
Therefore, putting estimates (12)-(13) in (11) and using (10),
whenever (15) holds. As r → ∞ the terms in the bracket on the right-hand side of (16) are of order O(r λ−1 ). Therefore |P (α)| is of order O(r 2λ−2 ), and hence of order O(r λ−1 ) since λ < 1, as r → ∞. Similar calculations give the result for derivatives of P , but we shall explain the method by considering the first derivative. From (11) we have that
Whenever (15) is satisfied there exists a constant A 1 > 0 such that (12)- (13) hold with A 0 replaced by A 1 and, for t ∈ [0, 1],
since the second derivatives of P C are continuous functions defined on the closed bounded set given by (15) . We have again used the scale equivariance properties of P C in the derivation of the above inequality. We deduce that
whenever (15) holds. Therefore |∇(P (α))| is of order O(r 2λ−3 ), and hence of order O(r λ−2 ) since λ < 1, as r → ∞.
In general we will have the estimate
for some A j > 0 whenever (15) holds. The result then follows.
The exceptional set D
By the work in [13, §7] , for each m ∈ N with m ≤ 4 there exists a countable discrete subset D(∆ m ) of R such that the Laplacian on m-forms
is Fredholm if and only if µ + 1 / ∈ D(∆ m ). The map we are concerned with,
). However, we can give an explicit description of the set D for which (17) is not Fredholm, following [15, §6.1.2].
We first transform coordinates on (R, ∞) × Σ ∼ = N \ K to cylindrical coordinates (t, σ) on (T, ∞) × Σ for some T > 0, in which the operator d + d * corresponds to a map
acting on m-forms on N . If π : (T, ∞) × Σ → Σ is the natural projection map, we can then give the action of (
where m denotes the operator which multiplies m-forms by a factor m. However, we wish only to consider elements of
Then π * (S) corresponds to Λ 2
acting on S ⊗ C. Notice that we have formally substituted w for ∂ ∂t in (18) . Let
Define C ⊆ C as the set of w for which the map
is not an isomorphism. Then by the proof of [13, Theorem 1.1] the set D = {Re w : w ∈ C}. In fact, C ⊆ R by [15, Lemma 6.1.11], which shows that the corresponding sets C(∆ m ) are all real, and hence C = D.
The symbol, and hence the index i w , of (
is an isomorphism for generic values of w since D is countable and discrete. Therefore i w = 0 for all w ∈ C; that is, (20) is not an isomorphism precisely when it is not injective.
The
We first note that (21) and (22) imply that
Since eigenvalues of the Laplacian on Σ must necessarily be positive, β = 0 if w ∈ (−2, 0). If w = 0 and we take α = 0, then (21) is satisfied and (22) implies that β is coclosed. As there are non-trivial coclosed 3-forms on Σ,
. We know that β is harmonic so, by Hodge theory, β = 0. Therefore −2 ∈ D if and only if there exists a non-zero closed and coclosed 2-form on Σ.
We state a proposition which follows from the work above.
Then the set D of real numbers µ for which the map (17) is not Fredholm is given by
We now make some definitions as in [13] .
The next result is immediate from [13, Theorem 1.2]. (17) . Then
We now go further and give a more explicit description of the quantity d(µ) given in Definition 5.2. Let p(t, σ) be a polynomial in t of degree k written as
Comparing coefficients of t k we then deduce that (p k , q k ) ∈ D µ . We know for µ ∈ D that D µ = 0, and so we may take k = 0. Suppose that k ≥ 1. Then comparing coefficients of t k−1 in (23) and (24) gives
We then compute, using (25) and (26),
Hence, k( p k 2 L 2 + q k 2 L 2 ) = 0, and so p k = q k = 0, which is a contradiction.
Therefore we have the following proposition. We now study the image of the map (17) . There exists a countable discrete set E ⊇ D for which the map
is not Fredholm. For µ / ∈ E, we can write:
where H is a finite-dimensional space, which may be taken to consist of forms with compact support, as well as closed under the Hodge star. Alternatively, if µ > −1 (so that −µ − 3 < µ − 1) then H may be chosen as the kernel K of the adjoint map
where 1/p + 1/q = 1, which is graded and closed under the Hodge star. For any µ / ∈ E we define an inner product on
We can take H to be any finite dimensional subspace of L p k, µ−1 (Λ odd T * N ), with dim H = dim K, such that the inner product on H × K is nondegenerate. In particular, there is a natural isomorphism H ∼ = K * , where the dual space is defined by the inner product above.
Let µ > −1 so that we may choose H = K. If γ ∈ L p k, µ−1 (Λ 3 T * N ) then ( * γ, γ) ∈ L p k, µ−1 (Λ odd T * N ) and hence there exist γ m ∈ L p k, µ (Λ m T * N ), for m = 0, 2, 4, and η ∈ H such that
By applying the Hodge star, we must also have that
Adding these two formulae and averaging gives us
whereη ∈ H ∩ L p k, µ−1 (Λ 3 T * N ).
We may then deduce that
where
Moreover, for µ / ∈ E, µ > −1,
We must surely have that the images are equal for µ / ∈ D, µ > −1, as well. The argument above shows that (29) will hold for any µ / ∈ D where the cokernel H can be taken to be graded and closed under the Hodge star. We shall see in §6 that this occurs whenever µ > −2 and µ / ∈ D.
Further, we note here that if G(α, β) = 0 then 
Study of the cokernel
We are concerned with solutions (α, β)
Using the notation of Proposition 4.3, we write
where P (α) ∈ L p k, µ−1 (Λ 3 T * N ). We can thus consider the problem as solving:
Our deformation theory will be unobstructed if and only if N γ ∧ * η = 0 (30) for all 3-forms η in the kernel K 3 of the adjoint map
Suppose η ∈ K 3 and µ > −2. We define a function ζ on (R, ∞) × Σ by Note that, since N α is coassociative, F (α), and hence γ = P (α), is exact.
using the fact that γ is closed. Therefore (30) holds for all η ∈ K 3 for all µ > −2.
We conclude that the deformation theory of AC coassociative 4-folds is unobstructed if the rate lies in the interval (−2, 1) but not in the set D.
To summarise, for η ∈ K 3 and µ > −2 there exists a function ζ on N of order O(ρ −2−µ ) such that * η − dζ = ξ is a closed compactly supported 1-form on N . Suppose that [ξ] = 0 in H 1 cs (N ). Then ξ = dζ for some functionζ with compact support. Therefore
Hence ζ +ζ is a harmonic function which tends to zero, since −2 − µ < 0, as ρ → ∞. We may employ the Maximum Principle for harmonic functions to deduce that ζ+ζ = 0. The map η → [ * η−dζ] from K 3 to H 1 cs (N ) is thus injective for µ ∈ (−2, 1). Proposition 6.2 below shows that this map is surjective, hence an isomorphism, when µ ∈ (−2, 0) because H 1 cs (N ) ∼ = H 3 dR (N ) * .
For the next part of our study of the cokernel we shall need the following result [5, Lemma 2.3].
for some function f Σ : Σ → R and µ < 1. Then
Therefore, since Σ is compact, we see that µ(µ + 2) ≥ 0 and so there exist no nonzero homogeneous harmonic functions of order O(r µ ) on C with µ ∈ (−2, 0). 
But ζ − ζ ν = O(ρ −min(µ,ν)−2 ) as ρ → ∞ and, since −min(µ, ν) − 2 < 0, we again use the Maximum Principle to deduce that ζ − ζ ν = 0. Hence * η lies in L q l+1, −ν−3 (Λ 1 T * N ), so η lies in L q l+1, −ν−3 (Λ 3 T * N ), for any ν ∈ (−2, 0). The dimension of the cokernel of (17) is therefore constant for µ ∈ (−2, 0), µ / ∈ D.
We now study the spacẽ
Consider the map
which is dual to the map
Using (4), we note that
and hence that it is equal to the kernel of (33). In other words, the cokernel of (17) in the case µ = −1 is isomorphic toH 3 . By [12, Example (0.15)],
We put together our recent results in the following proposition. Proposition 6.2 For all µ ∈ (−2, 0), µ / ∈ D, the cokernel of the map (17) has dimension equal to b 3 (N ) and so it is independent of µ.
We now consider the cokernel of (27), which has equal dimension to the kernel K of the adjoint map (28). Let µ > −2. If (η 1 , η 3 ) ∈ K then dη 1 + d * η 3 = 0. However, an integration by parts arguments shows, valid since −4 − µ < −2, that dη 1 = d * η 3 = 0. We may thus use the construction above to map (η 1 , η 3 ) to a compactly supported 1-form. Then, again using the arguments above, (η 1 , η 3 ) lies in L q l+1, −3−ν (Λ odd T * N ) for any ν ∈ (−2, 0). Therefore the dimension of K, and hence of the cokernel of (27), is constant for µ ∈ (−2, 0), µ / ∈ D. We now deduce the result we mentioned after (29), because we can take the cokernel of (27) to be graded for µ > −2, µ / ∈ D, since we know it is for µ > −1. 
The deformation space
Let v be the vector field given by dilations, which can be given in coordinates (x 1 , . . . , x 7 ) on R 7 as follows:
Then
Therefore, ψ = 1 3 v · ϕ is a a smooth 2-form such that dψ = ϕ. We note that H(α) ).
If α ∈ L p k+1, λ (U ), where k ≥ 1, then H(α) ∈ L p k, λ (Λ 2 T * N ). The decay of H(α) has the same behaviour as α because ψ| C ≡ 0 and |ψ| = O(ρ) as ρ → ∞, which increases the decay rate of H(α) by one, and f (α) * is a first order operator, which reduces the decay rate by one. It is worth noting that H(α) has one degree of differentiability less than one would expect.
Let λ > −2 and let λ / ∈ D. Then by (32) the kernel K 3 of (31), with µ = λ, consists of closed and coclosed 3-forms. The following integration by parts argument is therefore valid for
Hence, F (α) is L 2 -orthogonal to K 3 . Since λ / ∈ D, the map (17), again with µ = λ, is Fredholm and therefore has closed image. However, K 3 is independent of k, and hence F (α) must lie in the image of (17) . We deduce that G maps
In summary, if p > 1, k ∈ N, λ / ∈ D and −2 < λ < 1, then the map
has derivative G ′ (0, 0) which acts as gives the condition for this to occur as k+1 > 4 p . We thus take p > 4. For λ / ∈ D, Y = d(L p k+1, λ (Λ 2 + T * N )) + d * (L p k+1, λ (Λ 4 T * N )) is a Banach space because it is the image of a Fredholm map and hence a closed subspace of L p k, λ−1 (Λ 3 T * N ). The map (36) is clearly surjective from X to Y with finite dimensional kernel which splits X.
Using the Implicit Function Theorem for Banach spaces (Theorem 3.5), we deduce that G −1 (0) is locally diffeomorphic to the kernel of (36).
Suppose that (α, β) ∈ L p k, λ (U )⊕L p k, λ (Λ 4 T * N ) for some p > 4, k ∈ N, λ < 1. We require α and β to be C 1 , which occurs if k−1 4 > 1 p by Theorem 3.4. We therefore take k ≥ 2.
Suppose further that G(α, β) = 0. Since F is a smooth function of α and ∇α, G is a smooth function of α, β, ∇α and ∇β. We apply [17, Theorem 6.8.1], which is a regularity result for smooth nonlinear elliptic equations, as α and β are C 1 , to conclude that α and β are smooth. However, we want more than this; we need the derivatives of α and β to decay at the required rates.
Recall the observation made at the end of §5 that G(α, β) = 0 implies that ∆β = 0. Using [13, p. 420 ], a regularity result for linear elliptic operators, we deduce that there exists a constant A, depending on ∆, p, k, λ, such that
Since ∆β = 0 and β L p 0, λ is finite, we conclude that β lies in L p k, λ (Λ 4 T * N ) for all k ≥ 2.
For the following argument we find it more useful to work with weighted Hölder spaces. By Theorem 3.4, α ∈ C k−1, a λ (U ), where a = 1−4/p ∈ (0, 1) since p > 4. We also know that d * G(α, β) = d * F (α) = 0, which is a nonlinear elliptic equation. Using the notation and results of Proposition 4.3, d * dα + d * P (α) = 0 and d * P (α) ∈ C k−3, a 2λ−3 (Λ 2 T * N ). We see that, for x ∈ N ,
where R(x, α(x), ∇α(x)) and E(x, α(x), ∇α(x)) are smooth functions of their arguments. We can therefore think of R(x, α(x), ∇α(x))∇ 2 α as a smooth linear second order elliptic operator
acting on α, whose coefficients depend on x, α(x) and ∇α(x). These coefficients therefore lie in C k−2, a and hence S α maps C k, a λ (Λ 2 + T * N ) into C k−2, a λ−2 (Λ 2 T * N ). We also have that
since λ < 1. However, E(x, α(x), ∇α(x)) only depends on α and ∇α, and is at worst quadratic in these quantities by Proposition 4.3, so we know that it must in fact lie in C k−2, a λ−2 (Λ 2 T * N ), since we are given control on the decay of the first k derivatives of α.
By using local Hölder estimates and performing a straightforward process of "patching" these estimates together, we may derive a global estimate for S α of the form (37). We may therefore use results of the type given in [15, §6.1.1] to deduce that there exists a constant B, depending on F, p, k, λ, α, such that
Hence, if γ ∈ C 2 λ (Λ 2 + T * N ) and S α (γ) ∈ C k−2, a λ−2 (Λ 2 T * N ), (38) implies that γ ∈ C k, a λ (Λ 2 + T * N ). Taking k ≥ 3, α and S α (α) then satisfy these conditions by the work above and we deduce that α ∈ C k, a λ (Λ 2 + T * N ) only knowing a priori that α ∈ C k−1, a λ (Λ 2 + T * N ). We proceed by induction to show that α ∈ C k, a λ (Λ 2 + T * N ) for all k ≥ 3.
As a consequence of the regularity results above, we deduce that
. We may conclude that G −1 (0) consists of smooth forms and is locally diffeomorphic to the kernel of the map
We now define a map Q on G −1 (0) by Q(α, β) = β. Then Q is a smooth map such that Q −1 (0) = F −1 (0). Let (α, β) ∈ G −1 (0) and note that, by the work at the start of the section, there exists *  N ) ) and, by Proposition 6.3, must then lie in d(C ∞ λ (Λ 2 + T * N )). Hence
Therefore dQ(0, 0) : (α, β) → β is surjective and so Q is locally surjective. Consequently, F −1 (0) consists of smooth forms. We deduce the following theorem, which is the main result of the paper.
Theorem 7.1 Let N be a coassociative 4-fold in R 7 which is asymptotically conical to a cone C with order O(r λ ) for a generic rate −2 < λ < 1 (i.e. λ / ∈ D where D is given by Proposition 5.1). The moduli space M λ N of coassociative deformations of N , which are asymptotically conical to C with order O(r λ ), is then a (smooth) manifold with dimension equal to that of the kernel of the map
This dimension is also equal to
where G is defined by (6) and
We remind the reader that the space B λ = {0} if λ < 0 by the comments made at the end of §5. This fact makes our dimension calculations easier in §8.
The dimension of M N
We first note that the kernel K λ of (39) is equal to
Therefore we study the spacẽ
The Hodge star mapsH 2 into itself, so there is a splittingH 2 =H 2
Using (4) we deduce that
Hence, dim K −2 = dimH 2 + . Let  : H 2 cs (N ) → H 2 dR (N ) be the natural map. Then, by [12, Example (0.15)],
where the isomorphism is given by α → [α]. Let I =  H 2 cs (N ) . If α, β ∈ I, there exist compactly supported closed 2-forms η, χ such that α = [η] and β = [χ]. We define a product on I × I by
Suppose that η ′ , χ ′ are also compactly supported with α = [η ′ ] and β = [χ ′ ]. Then there exist 1-forms ξ, ζ such that η − η ′ = dξ and χ − χ ′ = dζ. Therefore,
as both ξ ∧ χ and η ′ ∧ ζ have compact support. The product (44) on I × I is thus well-defined and is a symmetric topological product with a signature (a, b). Then dimH 2 + = a by (43) and so dim K −2 is a topological number. The next proposition we state follows from standard results in algebraic topology if we consider N as the interior of a manifold M with boundary Σ. 
is exact.
We note that H 0 cs (N ) = H 4 dR (N ) = 0, which enables us to calculate the dimension of various spaces more easily using the long exact sequence above.
Since D is discrete, there exists a greatest λ − ∈ D with λ − < −2 and a least λ + ∈ D with λ + > −2. Let K λ be the kernel of (36) and let C λ be the kernel of (31) with µ = λ. Recall that −2 ∈ D if and only if b 1 (Σ) = 0 by the argument before Proposition 5.1. We are then able to make the following proposition. 
where the quantity d(µ) is given in Proposition 5.4.
Proof: The index of (36) is constant for λ − < λ < λ + and hence the dimension of the kernel and cokernel are also constant. Therefore, for λ − < λ < λ + , dim K λ = dim K −2 = dimH 2 + and Proposition 6.2 implies that the dimension of C λ is b 3 (N ) for all λ − < λ < 0. Applying Proposition 5.3 completes the proof.
The next result enables us to calculate the dimension of M λ N when −2 ∈ D.
Proof: For λ < −2 it is clear, since L p k, λ ⊆ L p k, −2 , that K λ ⊆ K −2 . Since −2 ∈ D, there exists a closed and coclosed 2-form η on Σ. By the work in [13, §3 & §4] , for η to correspond to a form which adds to the kernel of (36) at −2, there must exist a closed self-dual 2-form α on N which is asymptotic to the 2-form ζ = η + ρ −1 dρ ∧ * η defined on N \ K ∼ = (R, ∞) × Σ. But ζ grows with order O(ρ −2 ) as ρ → ∞, and hence α must at least grow at this rate. Therefore, α does not lie in L 2 and hence α / ∈ K −2 . Using the notation of Proposition 8.1, we see that such a form α will exist if and only if [η] lies in p 2 (H 2 dR (N )), since only then can we consider η as a form on N \ K. The dimension of this space can be calculated using (45):
By Proposition 5.3, there are no changes in K λ for λ − < λ < −2 and the argument thus far shows that the kernel forms added at λ = −2 do not lie in K −2 . We conclude that K λ = K −2 for λ − < λ < −2. The latter part of the proposition follows from the formula and arguments above, since K λ does not change for −2 < λ < λ + .
which can be easily checked using the sequence (45). Therefore, Proposition 8.3 shows that the function k(λ) = dim K λ is lower semi-continuous at −2 and is continuous there if and only if −2 / ∈ D. Our next result shows that the function c(λ) = dim C λ is upper semi-continuous at −2.
Proof: Since L q l, −3−λ ⊆ L q l, −1 when λ > −2, C λ ⊆ C −2 for λ > −2. Since −2 ∈ D, there exists a closed and coclosed 1-form ζ on Σ. The correspondence of ζ to a cokernel form implies, again by [13, §3 & §4] , the existence of a 3-form γ on N with (d * + + d)γ = 0, such that * γ is asymptotic to ζ defined on N \ K ∼ = (R, ∞) × Σ. Clearly, |ζ| = O(ρ −1 ) as ρ → ∞. Therefore γ does not lie in C −2 , as it must grow with at least order O(ρ −1 ).
Using the notation of Proposition 8.1 we see, as in the proof of Proposition 8.3, that such a 3-form γ will exist if and only if [ζ] lies in p 1 (H 1 dR (N )). We calculate the dimension of this space using (45): 
We now discuss the case λ > 0 and begin by studying the point 0 ∈ D. Recall that d(0), as given by Proposition 5.4, is equal to the dimension of
It is clear, using integration by parts, that the equations which (α, β) ∈ D 0 satisfy are equivalent to
The latter equation corresponds to constant 3-forms on Σ, so the set of β which satisfy this equation has dimension equal to b 0 (Σ). If we define the set Z by
then
Suppose that β 3 ∈ C ∞ (Λ 3 T * Σ) satisfies d * β 3 = 0 and corresponds to a form on N which adds to the kernel of (36) at 0. Then there exists, by [13, §3 & §4], a 4-form β 4 on N asymptotic to the form ρ 3 dρ ∧ β 3 on N \ K ∼ = (R, ∞) × Σ and a self-dual 2-form α 2 of order o(1) as ρ → ∞ such that dα 2 + d * β 4 = 0.
Since d * β 4 is exact, * β 4 is a harmonic function which is asymptotic to a function c, constant on each end of N ; that is, on each component of N \ K. Applying [5, Theorem 7.10] gives a unique harmonic function f on N which converges to c with order O(ρ µ ) for all µ ∈ (−2, 0). The theorem cited is stated for an AC special Lagrangian submanifold L, but only uses the fact that L is an AC Riemannian manifold and hence is applicable here. Therefore, * β 4 −f = o(1) as ρ → ∞ and hence, by the Maximum Principle, * β 4 = f .
We deduce that d * β 4 and dα 2 are O(ρ −3+ǫ ) as ρ → ∞ for any ǫ > 0 small, hence they lie in L 2 . Integration by parts shows that d * β 4 = 0 and we conclude that * β 4 is constant on each component of N . Hence, the piece of b 0 (Σ) in d(0) that adds to the dimension of the kernel is equal to b 0 (N ). Note that the other 3-forms β 3 on Σ satisfying d * β 3 = 0 must correspond to cokernel forms and so b 0 (Σ) − b 0 (N ) is subtracted from the dimension of the cokernel at 0. For each end of N , we can define self-dual 2-forms of order O(1) given by translations of it, written as ∂ ∂xj · ϕ for j = 1, . . . , 7. Note that if the end is a flat R 4 , then we only get three such self-dual 2-forms from it. So, if k ′ is the number of ends which are not a flat
Moreover, the translations of the components of N must correspond to kernel forms, since they are genuine deformations of N . Therefore, if k is the number of components of N which are not a flat R 4 , at least 3b 0 (N ) + 4k is added to the dimension of the kernel at 0 from dim Z.
We state the following inequalities for the dimension of M λ N for λ ∈ (0, 1). 
where the quantity d(µ) is given in Proposition 5.4, B λ is defined in (41), Z is defined in (46) and
Moreover, if k is the number of components of N which are not a flat R 4 ,
The first inequality follows from the arguments preceding the proposition. The second is deduced from these same arguments and Proposition 6.2, which show, in particular, that the dimension of the cokernel can be reduced by at most b 3 (N ) − b 0 (Σ) + b 0 (N ) as λ increases in (0, 1).
Study of rates λ < −2
Suppose for this section that N is a coassociative 4-fold which is asymptotically conical with rate λ < −2.
Consider the deformation N → tN for t > 0. Clearly tN is a coassociative 4-fold which is AC with rate λ for all t > 0. If v is the dilation vector field as given in (34), then we define a self-dual 2-form α on N as in [16] by α = (v·ϕ)| N , which corresponds to the deformation above. Using (35), dα = d(v · ϕ)| N = 3ϕ| N = 0, since N is a coassociative 4-fold. As λ < −2, α ∈ L 2 (Λ 2 + T * N ) and hence α ∈H 2 + , defined at the start of §8. Clearly, if dimH 2 + = 0 then α = 0, which implies that tN = N for all t > 0; that is, N is a cone and hence N ∼ = R 4 as it is nonsingular.
We now define two invariants of N . Let
This is well-defined since α is unique and lies in L 2 . We define a second invariant as follows. Let Γ be a 2-cycle in N and let D be a 3-cycle in R 7 such that ∂D = Γ.
We show that this is well-defined. Suppose that D, D ′ are 3-cycles such that ∂D = ∂D ′ = Γ. Then ∂(D − D ′ ) = 0 and so
is zero. Therefore D ϕ = D ′ ϕ. Now suppose that Γ, Γ ′ are 2-cycles in N such that Γ − Γ ′ = ∂E for some 3-cycle E ⊆ N . Let D, D ′ be 3-cycles such that ∂D = Γ and ∂D ′ = Γ ′ . Then ∂D = ∂(E + D ′ ) = Γ and so, using the work above,
Since we may consider α as defined by d dt | t=1 , the left-hand side of the above equation is equal to α. Hence
Recall the definition of I in §8 as the image of H 2 cs (N ) in H 2 dR (N ). As α ∈H 2 and the map fromH 2 to I given by γ → [γ] is an isomorphism, [Y (N )] lies in I. In §8 we showed that (44) defines a product on I × I and hence
We have used the fact that if α = η + dξ, for some compactly supported 2-form η and ξ ∈ C ∞ λ+1 (Λ 1 T * N ), then
which follows from an integration by parts argument, valid since λ < −2.
We have thus derived a test which determines whether N is a cone. We note, for interest, that a similar argument holds for a special Lagrangian m-fold L which is AC with rate λ < −m/2, in the following sense. We may associate to the deformation L → tL a closed and coclosed 1-form α which lies in L 2 (Λ 1 T * L), using (4) since λ < −m/2. Then, by [12, Example (0.15)], the closed and coclosed 1-forms in L 2 uniquely represent the cohomology classes in H 1 cs (L) or, equivalently, H m−1 dR (L). Therefore, if b m−1 (L) = 0 then L is a cone and hence a linear R m in C m . Moreover, we may define the invariant X(L) in an analogous way to X(N ) and see that L is a cone if and only if X(L) = 0.
We Suppose c = 0 and take c > 0 without loss of generality. This forces s > 0 and 4s 2 − 5r 2 = 0. It is then clear that M c has two connected components, M + c and M − c , corresponding to 4s 2 − 5r 2 > 0 and 4s 2 − 5r 2 < 0 respectively. Considering M + c , we get one end which is AC to S 3 × (0, ∞). We calculate the rate as follows. For large r, s is approximately equal to √ 5 2 r and hence 4s 2 − 5r 2 = O(r − 1 2 ). Therefore s = √ 5 2 r + O(r − 3 2 ) and thus M + c converges with rate −3/2 to S 3 × (0, ∞). For each r = 0, we have an S 3 orbit in M + c , but when r = 0 we get an S 2 orbit. Therefore, topologically, M + c can be thought of as an R 2 bundle over S 2 . Hence H 2 (M + c ) = R. Calculation shows that dimH 2 + = 0 and hence, since the SU(2) action has generic orbit S 3 , we conclude that M + c is isomorphic to the bundle O(−1) over CP 1 .
We now turn to M − c . Here we get two ends, one of which has the same behaviour as the end of M + c and the other is where s → 0. For the latter case, we quickly see that s = O(r −4 ) and so M − c converges at rate −4 to R 4 . As the case r = 0 is excluded here, M − c is topologically S 3 × R and converges with rate −3/2 to S 3 × (0, ∞) and rate −4 to R 4 at its two ends. Hence H 2 (M − c ) = 0. Consequently, for c = 0, dimH 2 + = 0 for M c , but the rate −3/2 is greater than −2, so M c has a nontrivial deformation space.
For c = 0, M 0 is a cone with three ends, two of which are diffeomorphic to S 3 × (0, ∞) and the third, corresponding to s ≡ 0, is a flat R 4 .
2-ruled coassociative 4-folds
In [14] , the author introduced the notion of 2-ruled 4-folds. A 4-dimensional submanifold M in R n is 2-ruled if it admits a fibration over a 2-fold F such that each fibre is an affine 2-plane. As commented in [14, §3] , if F is compact then M is AC with order, at least, O(1) to its asymptotic cone M 0 . Therefore, 2- It is the hope of the author to produce explicit nontrivial examples of AC 2-ruled coassociative 4-folds, using both the methods in [14] and other means.
